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Abstract
The quintic family must be the most studied family of Calabi-Yau threefolds. Par-
ticularly symmetric members of this family are known to admit quotients by freely
acting symmetries isomorphic to Z5×Z5. The corresponding quotient manifolds may
themselves be symmetric. That is, they may admit symmetries that descend from the
symmetries that the manifold enjoys before the quotient is taken. The formalism for
identifying these symmetries was given a long time ago by Witten and instances of
these symmetric quotients were given also, for the family P7[2, 2, 2, 2], by Goodman
and Witten. We rework this calculation here, with the benefit of computer assis-
tance, and provide a complete classification. Our motivation is largely to develop
methods that apply also to the analysis of quotients of other CICY manifolds, whose
symmetries have been classified recently. For the Z5×Z5 quotients of the quintic fam-
ily, our list contains families of smooth manifolds with symmetry Z4, Dic3 and Dic5,
families of singular manifolds with four conifold points, with symmetry Z6 and Q8,
and rigid manifolds, each with at least a curve of singularities, and symmetry Z10.
We intend to return to the computation of the symmetries of the quotients of other
CICYs elsewhere.
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1. Introduction
Many Calabi-Yau manifolds are known, but until fairly recently very few were known that
have small Hodge numbers1. Finding such manifolds seems to require taking quotients, usu-
ally freely acting quotients of simply connected manifolds. This process of taking quotients
then does double duty: on the one hand, the Hodge numbers are reduced and, on the other,
the quotient manifold acquires a nontrivial fundamental group that permits flux breaking
on the E8×E8 gauge group of the heterotic string, to a group that is of greater interest for
the purpose of constructing a realistic heterotic string vacuum.
This much is an old story. The more recent element is that it has been possible to find freely
acting quotients in a systematic way, albeit for a special class of Calabi-Yau manifolds, the
so called CICYs (complete intersection Calabi-Yau manifolds). An important work in this
direction was the systematic classification by V. Braun [1] of all freely acting quotients of
manifolds on the CICY list.
Further work in [2–5] calculated the Hodge numbers for each of these quotients, and was
summarised in [6]. Not all of the quotient manifolds seem interesting, but some are. Among
these is the familiar example of the Z5×Z5 quotient of the quintic:
X = P4[5]/Z5×Z5 , (h
1,1(X), h2,1(X)) = (1, 5).
A number of other interesting quotients have a somewhat similar structure being quotients
by a group Zpn×Zpn for a prime power pn. These include:
P7[2, 2, 2, 2]/Z8×Z8 ,
P2
P2
[
3
3
]
/Z3×Z3
(1.1)
and the Z7×Z7 quotient of the Rødland manifold [7]. The first manifold in (1.1) denotes the
resolved quotients of resolutions of singular complete intersections of four quadrics in P7 [8].
A question that naturally arises is what symmetries do these quotient manifolds have? Such
remnant symmetries may manifest themselves as global symmetries of the corresponding
low energy theory and are thus potentially phenomenologically important. For the quintic
quotient the general formalism for addressing this question was given by Witten [9] (in
perhaps the second paper to be written on string compactification on Calabi-Yau manifolds).
A number of the possible symmetries, or rather the symmetric quintic quotients, are given
in that paper and further cases were provided by Goodman and Witten in [10]. A number of
quintics symmetric under finite simple groups were also constructed in [11] employing various
group and representation theory techniques and data from the ATLAS of finite groups [12].
Our interest is principally with the other quotients listed above (1.1), but any attempt
at a complete treatment of these cases requires a certain amount of machine calculation.
1By Hodge numbers (h1,1, h2,1) being small, somewhat loosely we mean h1,1 + h2,1 ≤ 20.
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Developing the routines to analyse these quotients has brought us back to the quintic for
which we reproduce the results of the classic papers together with a number of extensions.
We intend to return to a parallel treatment of the quotients (1.1) in a future work. In this
paper, we focus on the quintic family P4[5]/Z5×Z5, with a view to constructing sub-families
with non-trivial symmetries.
2. Preliminaries
The quintic is defined as the zero-locus of a homogeneous polynomial of degree 5 with
variables in P4, denoted by P4[5]. We are concerned with the case that the manifold admits
freely acting symmetries by the following two order 5 generators:
S : xi → ζ ixi and T : xi → xi−1 (2.1)
where the xi (i ∈ Z5) are the homogeneous co-ordinates of P4 and ζ is a non-trivial fifth
root of unity. Note that 〈S, T 〉= Z5×Z5. The most generic quintic, invariant under both
S and T can be written as the zero locus of the following 5 parameter2 family of degree 5
polynomials:
x ∈ P4[5]/Z5×Z5 satisfies p(x)
def
=
6∑
a=1
caJa = 0
where J1 =
∏
i
xi
J2 =
1
5
∑
i
x2i−1 xi x
2
i+1
J3 =
1
5
∑
i
x2i−2 xi x
2
i+2 (2.2)
J4 =
1
5
∑
i
xi−2 x3i xi+2
J5 =
1
5
∑
i
xi−1 x3i xi+1
J6 =
1
5
∑
i
x5i
The quintic and its quotient by the above freely acting Z5×Z5 symmetry are distinct families
of manifolds evidenced by different Hodge numbers. The Hodge pairs for the quintic, and its
quotients by freely acting Z5 and Z5×Z5 symmetries are (1,101), (1,21) and (1,5) respectively.
The generic quintic is a linear combination of 126 distinct monomials. One can think of (2.2)
as defining the sub-family of quintics that is left invariant by the symmetry actions (2.1). It
2There are six coefficients ca, but an overall scale is irrelevant, since it does not change the zero locus of
the polynomial.
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is natural to ponder whether one could obtain quintic families with even larger symmetries
upon further restriction of the defining polynomial.
Before we embark on finding such families it is worth noting that (2.2) admits a Z2 symmetry
without any further restriction of p(x). This global discrete symmetry is:
pi(2) : xi → x4−i . (2.3)
This operation reverses the order of the coordinates and we see from (2.2) that this preserves
each Ja. Symmetry groups of any sub-family of the quintic quotient must then contain this
Z2 as a subgroup. This provides an useful restriction in deciding which symmetry groups
are possible. We will find these symmetry groups in the following, but we summarize here
the main results of this work in Table 1.
Symmetry Group # parameters # sub-classes smooth/singular Reference
Z4 3 15 smooth Table 3
Z6 1 20 4 conifold points Table 4
Q8 1 15 4 conifold points Table 5
Z10 0 24 singular curve(s) Table 6
Dic3 1 10 smooth Table 7
Dic5 1 6 smooth Table 8
Table 1: An overview of the results in this paper. The quintic quotient has sub-families
with the above listed symmetries. The table lists also the number of distinct sub-families
corresponding to each symmetry group. Each of the groups listed above contains the Z2 defined
in (2.3) as a subgroup. A detailed description of the families is given in the tables in §5.
The table lists the various symmetry groups and the corresponding number of families of the
quintic quotient (2.2). In summary, we have found one parameter families of quintic quotients
with remnant Z6, Q8, Dic3 and Dic5 symmetries3 and several three parameter families with
Z4 symmetries. In addition, we have also found 24 isolated quintic quotients with Z10
symmetries. In the following we outline our methods. The coordinate representations and
covariants of these symmetries are tabulated in §5.
3Here Q8 is the quarternion group. The dicyclic group Dicn is a non-Abelian group of order 4n with the
presentation
〈 a, b | a2n = 1, b2 = an, b−1ab = a−1 〉 .
It can be expressed as an extension of Z2 by Z2n as demonstrated by the following short exact sequence:
1→ Z2n → Dicn → Z2 → 1.
3
2.1. Symmetries of quintic quotients from automorphisms of P4
The linear symmetries of the quintic quotients derive from linear automorphisms of P4. It is
shown in [9] that any such symmetry action pi ∈ PGL(5,C), that descends to the quotient
by a freely acting group Gf, must satisfy the normalizer condition:
pi g pi−1 ∈ Gf ; ∀g ∈ Gf
This ensures that points that lie on the quintic, transform sensibly under the combined
action of any g ∈ Gf and any new symmetry pi. For Gf ∼= Z5 × Z5 generated by S and T
defined in (2.1), the above normalizer condition translates to:
pi S pi−1 = Sα T β
pi T pi−1 = Sγ T δ
(2.4)
where α, β, γ, δ ∈ Z5. One additionally notes from (2.1) that S T S−1 T−1 = ζ. Combined
with the equation above, this implies that αδ − βγ ≡ 1 mod 5, or alternatively,
σ
def
=
(
α β
γ δ
)
∈ SL(2,Z5)
Reproducing the argument from [9], we note that there is a one-to-one correspondence be-
tween linear projective actions pi and matrices σ ∈ SL(2,Z5) in the following sense. If two
projective linear actions pi1 and pi2 satisfy (2.4), for a given σ, one can show that pi
−1
1 pi2 lies in
the centralizer of Gf in PGL(5,C), which turns out to be Gf itself. Thus given x ∈ P4[5]/Gf,
pi1x = pi2x. This establishes that the two projective matrices pi1 and pi2 have equivalent ac-
tions on the points of the quotient manifold P4[5]/Gf. Thus any symmetry group of the
quintic quotient is isomorphic to a subgroup of SL(2,Z5).
There are a total of 75 non-trivial subgroups R⊂ SL(2,Z5). These are listed in Table 2.
There is a unique Z2 subgroup generated by σ = −12. The linear action pi, corresponding to
this, is the global Z2 symmetry pi(2) defined in (2.3), by which we mean that this symmetry
acts trivially on all points in the complex structure moduli space of the quintic quotient.
This has the consequence that there can be no quotient in the family P4[5]/Z5×Z5, with a
full symmetry group that does not contain this Z2 as a subgroup. This rules out the cases
that R = Z3 or Z5. In other words: no quotient manifold can have symmetry that is precisely
Z3, for example, since any such manifold has symmetry that is at least Z6.
4
R Z2 Z3 Z4 Z5 Z6 Q8 Z10 Dic3 Dic5 SL(2,Z3) SL(2,Z5)
# 1 10 15 6 10 5 6 10 6 5 1
|R | 2 3 4 5 6 8 10 12 20 24 120
Table 2: The non-trivial subgroups R ⊂ SL(2,Z5) together with the number of distinct homo-
morphic copies, obtained using GAP [13]. The last row records the order of the subgroups.
Therefore in order to find families of quintic quotients with a given residual symmetry group
R ⊂ SL(2,Z5), one should solve the normaliser condition (2.4) for all matrices σ ∈ R. In prac-
tice however, solving only for the generators of R suffices. The normalizer condition ensures
that an additional symmetry action pi sensibly transforms the elements of the freely acting
Z5 × Z5, as it acts on P4. To ensure that pi will be a symmetry of this quotient manifold,
we should check that p(pix) =λ(pi) p(x), for some non-zero multiplier λ(pi) and a non-trivial
sub-space of the six dimensional vector space C6 spanned by the coefficients ca of (2.2). For
the global Z2 symmetry pi(2) in (2.3), this is the entire C6, since p
(
pi(2)x
)
= p(x) ∀x.
The action of pi on x induces a linear mapApi on the vector of coefficients c. The eigenspaces of
this linear map with non-zero eigenvalues therefore define sub-classes of the quintic quotient
with an additional symmetry generated by pi. The examples below will demonstrate the
whole program of obtaining various quintic quotient families with additional symmetries.
2.2. A family of Z4 quintics
Consider the subgroup Z4 of SL(2,Z5) generated by
σ1 =
(
2 0
1 3
)
.
The normalizer condition (2.4) reads:
pi1 S pi
−1
1 = S
2 T 0
pi1 T pi
−1
1 = S
1 T 3
(2.5)
where S and T are as defined in (2.1). Solving this set of equations we obtain the unique
action pi1 below on P4, up to equivalence of group actions over the quintic quotient.
pi1 =

1 0 0 0 0
0 0 ζ4 0 0
0 0 0 0 1
0 ζ3 0 0 0
0 0 0 ζ3 0
 . (2.6)
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It is straightforward to check that pi41 ∝ 15. This group action pi1, induces a linear action on
the vector of coefficients ca via the map c→ c Api1 , with
Api1 =

1 0 0 0 0 0
0 0 ζ4 0 0 0
0 ζ 0 0 0 0
0 0 0 0 ζ3 0
0 0 0 ζ2 0 0
0 0 0 0 0 1

. (2.7)
Thus pi1 preserves a sub-class of the quintic quotient if c is a left eigenvector of Api1 . The
eigenvalues of this matrix are −1 and 1. The corresponding eigenspaces, denoted by E−(pi1)
and E+(pi1), have dimension 2 and 4 respectively, and are generated as follows:
E+(pi1) =
〈
(1, 0, 0, 0, 0, 0) ,
(
0, 0, 0, ζ2, 1, 0
)
, (0, ζ, 1, 0, 0, 0, 0) , (0, 0, 0, 0, 0, 1)
〉
,
E−(pi1) =
〈 (
0, 0, 0,−ζ2, 1, 0) , (0,−ζ, 1, 0, 0, 0) 〉 .
The Z4 covariant combinations of {Ja} corresponding to E+(pi1) are
J1, ζ
2J4 + J5, ζJ2 + J3, J6
while, for E−(pi1), they are
−ζ2J4 + J5, − ζJ2 + J3,
The eigenspace E+ thus corresponds to a three-parameter family with a Z4 symmetry, while
the eigenspace E− corresponds to a further one-parameter family of manifolds, which also
have Z4 symmetry. However, this latter family enjoys a higher symmetry Q8⊂Z4, as we will
see presently.
2.3. A family of Q8 quintics
Consider the group generated by the matrices σ1, as above, and
σ2 =
(
1 1
3 4
)
;
as an abstract group 〈σ1, σ2〉 ∼= Q8.
This Q8 contains the Z4 group of the previous example. To obtain all the manifolds that
exhibit this group of symmetries, we should solve the normaliser condition (2.4) for coordi-
nate actions pi1 and pi2. We have already the solution pi1 corresponding to σ1 and we find
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the co-ordinate action corresponding to σ2, to be given by
pi2 =

1 ζ ζ 1 ζ3
ζ ζ 1 ζ3 1
ζ3 ζ2 1 ζ2 ζ3
ζ ζ4 ζ ζ2 ζ2
1 ζ2 ζ3 ζ3 ζ2

.
The linear actions on the coefficients ca induced by pi1 and pi2 are then found to be Api1 and
Api2 , where Api1 is as in (2.7), and
Api2 =

−1 25ζ3 25ζ2 −25ζ −25ζ4 5
20ζ2 25 (ζ + ζ4) 25 (ζ + ζ2) 0 0 5ζ2
20ζ3 25 (ζ3 + ζ4) 25 (ζ + ζ4) 0 0 5ζ3
−30ζ4 0 0 −25 (ζ2 + ζ3) −25 (ζ2 + ζ4) 5ζ4
−30ζ 0 0 −25 (ζ + ζ3) −25 (ζ2 + ζ3) 5ζ
120 150ζ3 150ζ2 100ζ 100ζ4 5

.
The eigenvalues of Api1 are, as we have noted already, 1 and −1 and have multiplicities 4 and
2 respectively. The matrix Api2 has eigenvalues +25 (2ζ
3 + 2ζ2 + 1) and −25 (2ζ3 + 2ζ2 + 1),
with multiplicities 2 and 4 respectively. The corresponding four eigenspaces are now denoted
by E±(pi1) and E±(pi2). To obtain quintic quotient sub-classes that are covariant under
both the actions of pi1 and pi2, we must find those vectors ca that lie at the intersection of
eigenspaces of Api1 and Api2 . It is straightforward to derive the following:
E−(pi1) ∩ E+(pi2) = ∅
E−(pi1) ∩ E−(pi2) =
〈
(0, 0, 0,−ζ2, 1, 0), (0,−ζ, 1, 0, 0, 0)〉
The covariants corresponding to the space E−(pi1)∩E−(pi2) are thus −ζ2J4+J5 and −ζJ2+
J3, which we saw in the previous example, but now note that they enjoy a Q8 symmetry.
Finally we observe that the spaces
E+(pi1) ∩ E+(pi2) and E+(pi1) ∩ E−(pi2)
both have dimension 2 and the corresponding covariants yield two further one-parameter
families of manifolds with residual Q8 symmetry. The three families that we have found in
this example are listed in the first row of Table 5.
In principle, we should perform an analysis analogous to that of §2.2, above, for all the
15 Z4 subgroups of SL(2,Z5), however, by appealing to the Galois group action ζ → ζκ,
for κ∈{1, 2, 3, 4} we are able to reduce the number of cases that have to be analysed, as
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we explain in the following section. The upshot is that we find 15 one-parameter families
and 15 three-parameter families of manifolds with Z4 symmetry. Each of the one-parameter
families coincides with a one-parameter family of manifolds with a Q8 symmetry. These
one-parameter families are grouped together with the other Q8 families in Table 5. The
three-parameter families however do not possess a symmetry larger than Z4 and these are
listed in Table 3.
All the quintic quotients with remnant symmetries Z6, Dic3 or Dic5 turn out to be one-
parameter families. The quintic quotients with precisely Z10 symmetry have no free param-
eters. Without repeating the previous analysis, for all the cases, we record the results in the
tables of §5.
The examples above illustrate the method of computing quintic quotient families with any
symmetry group R ⊂ SL(2,Z5). We previously argued that there are no quintic quotients
(2.2) with Z3 or Z5 symmetries. Additionally we find that there are no quintic quotients
with a SL(2,Z3) symmetry. Consider the generators of this group gi with corresponding
co-ordinate actions pii and induced linear actions Apii on the coefficients ca. It is possible to
show by direct computation that the intersection of eigenspaces of Apii and Apij for i 6= j
is trivial. Thus there does not exist any non-null c ∈ C6 for which the polynomial (2.2) is
preserved, up to a multiple. Since there are no quotients with SL(2,Z3) symmetry, there
cannot be any with SL(2,Z5) ⊃ SL(2,Z3).
3. Galois actions
We have been careful not to specify a value for ζ, beyond the fact that it is a nontrivial fifth
root of unity. Now we enquire as to how our calculations change if we replace ζ by ζκ, with
κ ∈ {1, 2, 3, 4}.
Consider the effect of this transformation, which we shall refer to as a κ-transformation, on
the normalizer condition (2.4). In this relation the matrix T is independent of ζ, while the
matrix S does depend on ζ.
S(ζ) = diag(1, ζ, ζ2, ζ3, ζ4) and so S(ζκ) = S(ζ)κ .
From this observation it is easy to see that if pi(ζ) satisfies the normalizer condition with
matrix σ =
(
α β
γ δ
)
then pi(ζκ) satisfies an analogous relation with matrix
κσ =
(
α κ−1β
κγ δ
)
, (3.1)
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where κ−1 denotes the inverse in Z*5. Thus a κ-transform has the effect
(σ, pi(ζ), A(ζ))→ (κσ, pi(ζκ), A(ζκ)) ,
which we may think of as induced by an action of the Galois group on ζ, or more strictly,
on the roots of the irreducible polynomial, of which ζ is a root
1 + ζ + ζ2 + ζ3 + ζ4 = 0 .
This observation simplifies our task significantly, since the σ-matrices fall into orbits {κσ}
as κ varies. Consider, again, the case of families with Z4 symmetry. We learn from GAP, or
from Table 2, that SL(2,Z5) has 15 distinct Z4 subgroups. These fall into 3 orbits of length
4, one orbit of length 2 and one orbit of length 1, as κ varies over the Galois group. Since
we understand the action of κ on the eigenvectors of A we need only calculate these for one
σ taken from each orbit, so for 5 matrices rather than 15.
The orbits we are counting, in this example, are orbits of distinct Z4 subgroups. ‘Short’
orbits arise if, for example, the matrix σ is invariant under κ-transformation, as is the case
for
σ =
(
3 0
0 2
)
.
It can also happen that the matrices κσ, as κ varies, are distinct but they do not generate 4
distinct Z4 subgroups. An example is provided by
σ =
(
0 1
4 0
)
,
for which 4σ= (1σ)−1 and 3σ= (2σ)−1, so only two Z4 groups are generated.
We should explain a general point that turns out to relate particularly to the families with
precisely Z6 symmetry of Table 4. We have seen that we have to find the eigenvectors of
matrices Api with elements in the field Q(ζ). The first step in finding such eigenvectors is
to solve the characteristic polynomial for the eigenvalues. The characteristic polynomial has
coefficients in Q(ζ). In general, we would expect this polynomial to factor over some higher
field. Somewhat surprisingly, in all cases, apart from the cases corresponding to symmetry
precisely Z6, the eigenvalues take values in Q(ζ) itself. For Z6, however, we find that the
eigenvalues take values in Q(ζ, ω), with ω a nontrivial cube root of unity. An elementary
application of the primitive element theorem ensures that we can achieve this field with a
single extension. In this case Q(ζ, ω) = Q() where  = ωζ. This quantity is a fifteenth
root of unity, but it is not a general such root. There are four choices for ζ and two for
ω, so eight choices for . Indeed  satisfies the following irreducible polynomial equation of
degree eight
1− + 3− 4 + 5− 7 + 8 = 0 . (3.2)
9
Given ζ, there are two choices for . These are the common roots of the above polynomial
with the relation 6 = ζ. The polynomial above is Φ15(), the fifteenth cyclotomic polynomial,
and the roots are k for k coprime to 15, that is for the eight values
G def= {1, 2, 4, 7, 8, 11, 13, 14} .
The two common roots of (3.2) and the equation 6 = ζ are  and 11. This quantity  is
important to us because it is the quantity that appears in Table 4.
Now, the set G is in fact a group, with the group operation being multiplication mod 15.
Since G permutes the roots of (3.2) via
k 7→ jk ; j, k ∈ G ,
it is the Galois group of the polynomial. As an abstract group, G ∼= Z2×Z4; in terms of
generators, we can write G = 〈11, 2〉.
For the case of families that have precisely Z6 symmetry, each σ-matrix gives rise to two
curves of symmetric manifolds. The group G has the order two element that maps  7→ 11,
which we have noted leaves ζ invariant. In each case, this interchanges the two curves. The
order 4 element that maps  7→ 2 induces a κ-transform via the relation ζ = 6, and this acts
as before.
4. Smooth and singular manifolds
The generic quintic is smooth and so is its generic Z5×Z5 quotient. However, upon further
restriction of the defining polynomial, in order to satisfy the requirements of enhanced sym-
metry, we are led to polynomials which are far from being generic. We therefore have to
check whether the symmetric manifolds are in fact smooth.
To check whether a manifold, defined by the equation p(x) = 0, is singular, we have to check
whether the five equations ∂p/∂xi = 0 have a simultaneous solution. Let us take again a Z4
family as illustrative.
Corresponding to the second row of Table 3, we have
p(x) = α1J1 + α2(J2 + ζ
4J3) + α3(J4 + ζ
3J5) + J6 .
We want to know if the conditions are satisfied, for generic values of the coefficients α1, α2, α3.
The quickest method seems to be to assign ‘random’ integer values to the α’s and to solve
the equations numerically. This is done first with x0 = 1. Then we set x0 = 0 and x1 = 1 and
solve again, then we set x0 =x1 = 0 and x2 = 1, and so on. In this way we find all solutions,
if they exist. For generic values of the coefficients we find there are no solutions, so we con-
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clude that the Z4 manifold above is smooth. The same holds for the remaining families of Z4
manifolds. We could, in principle, avoid the need for numerical computation by performing
a Gro¨bner basis calculation, but these calculations can be slow and do not always complete.
For the Q8 manifolds, the analogous calculation yields four solutions, for generic values of
the parameters. For each of these solutions we compute the determinant of the 4× 4 matrix
∂2p(x)
∂xi∂xj
,
on the relevant patches. We find that the determinants are nonzero, so we conclude that
these singularities are conifolds. We proceed analogously for the remaining cases.
To summarize: the generic quotients, with Z4, Dic3 and Dic5 symmetries, are smooth. How-
ever the generic manifolds of the Z6 families have 4 conifold singularities4, as do the manifolds
of the Q8 families. These conifold points organise themselves into two orbits of length two
under the corresponding Z6 or Q8 group action.
The Z10 manifolds have no parameters, and each such manifold is singular, having, at least,
a singular curve. This is a case where the Gro¨bner basis calculation seems the best way to
proceed.
5. Tables
We have noted in §2.1 that each symmetric polynomial corresponds to a left eigenspace of
a matrix Api. Such an eigenspace corresponds to a family of symmetric manifolds, and has
a basis of eigenvectors, the general eigenvector being a linear combination of these. In the
tables, the basis eigenvectors become polynomials. Basis polynomials, for a given eigenspace,
are separated by commas. The generic polynomial is then a linear combination of these.
Distinct eigenspaces correspond to distinct families of manifolds. These are separated, in
the tables, by vertical space. Thus the first row of Table 3, for example, corresponds to a
single, three-parameter, family of manifolds, while the first row of Table 5 corresponds to
three, one-parameter, families of manifolds.
The Z2 generator σ = −12 generating the symmetry action pi(2) defined in (2.3) is omitted
from the tables with Z6 and Z10 symmetries, since pi(2) is a symmetry of all the quotients.
Instead, the generators for the Z3 and Z5 groups are presented respectively for brevity.
4By this we mean 4 conifold points on the quotient. On the P4 there are, of course, more singular points,
which are then identified under the action of S and T .
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5.1. Z4 Families
σ Symm Action Z4 Covariants # Fams.
(
4 4
2 1
) 
1 ζ ζ 1 ζ3
1 ζ2 ζ3 ζ3 ζ2
ζ ζ4 ζ ζ2 ζ2
ζ3 ζ2 1 ζ2 ζ3
ζ ζ 1 ζ3 1

J2 − ζ4J3,
J4 − ζ3J5,
J1 + (ζ
2 + ζ4)J2 + (ζ + ζ
2)J5,
4J1 + 10(ζ
2 + ζ4)J2 + J6
4
(
2 0
1 3
) 
1 0 0 0 0
0 0 ζ4 0 0
0 0 0 0 1
0 ζ3 0 0 0
0 0 0 ζ3 0

J1,
J2 + ζ
4J3,
J4 + ζ
3J5,
J6
4
(
2 1
0 3
) 
1 ζ 1 ζ2 ζ2
ζ2 ζ2 1 ζ 1
ζ 1 ζ2 ζ2 1
ζ2 1 ζ 1 ζ2
1 ζ2 ζ2 1 ζ

J2 − ζ3J3,
J4 − ζJ5,
J1 + (1 + ζ
2)J2 + (1 + ζ)J5,
4J1 + 10(1 + ζ
2)J2 + J6
4
(
0 1
4 0
) 
1 1 1 1 1
1 ζ4 ζ3 ζ2 ζ
1 ζ3 ζ ζ4 ζ2
1 ζ2 ζ4 ζ ζ3
1 ζ ζ2 ζ3 ζ4

J2 − J3,
J4 − J5,
J1 + (ζ + ζ
4)J2 + (ζ
2 + ζ3)J5,
4J1 + 10(ζ + ζ
4)J2 + J6
2
(
3 0
0 2
) 
1 0 0 0 0
0 0 0 1 0
0 1 0 0 0
0 0 0 0 1
0 0 1 0 0

J1,
J2 + J3,
J4 + J5,
J6
1
Table 3: The families of manifolds with Z4 symmetries. Each of the σ matrices of
the first three rows generate four Z4 subgroups of SL(2,Z5) under the κ-transformation
(3.1). Each of these rows give rise, in this way, to 4 distinct three-parameter families of
manifolds. The penultimate σ matrix forms an orbit of length 2 under κ-transformation
and so gives rise to 2 distinct three-parameter families of manifolds. The σ matrix of
the final row is fixed by κ-transformation, and so gives rise to 1 three-parameter family
of manifolds.
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5.2. Z6 Families
σ Symm Action Z6 Covariants
(
4 1
4 0
) 
1 1 1 1 1
ζ4 ζ3 ζ2 ζ 1
ζ2 1 ζ3 ζ ζ4
ζ4 ζ ζ3 1 ζ2
1 ζ ζ2 ζ3 ζ4

4J1−5
(
2−−2+3−24+5−27)J2−5(1−)2(1+)J3+J6 ,
2
(−1 + 2+ 2 − 3 + 4−5 + 27)J1−(2 + + 3 + 5 + 26)J2
− (2− 22 + 5 + 6 − 7)J3
+
(
5− 3− 42 + 33 − 24 + 45 + 36 − 57)J4 + J5
4J1+5
(
1−+3−24+5+6−7)J2−5 (1++3+6−7)J3+J6 ,
2
(
1− 2+ 2 − 4 + 5 − 6)J1 − (1− + 3 − 5 + 6)J2
− (1− 2 − 5 + 6 − 27)J3
− (1− 3+ 32 − 3 − 24 + 45 − 46 + 27)J4 + J5
(
1 1
2 3
) 
1 ζ3 ζ4 ζ3 1
ζ ζ3 ζ3 ζ ζ2
ζ3 ζ4 ζ3 1 1
ζ ζ ζ4 1 ζ4
1 ζ4 ζ ζ ζ4

4J1 − 5
(
2 + 4 + 5 + 7
)
J2 − 5
(
− 3 + 5)J3 + J6 ,
2
(
2− − 2 + 3 − 4 + 25 + 6 − 27)J1
+
(
3− − 22 + 3 − 24 + 5 + 6 − 37)J2
− (1− 2− 2 + 23 − 4 + 5 + 6 − 27)J3
+
(
3 + − 22 − 3 − 24 + 5 + 36)J4 + J5
4J1 − 5(1− )23(1 + )J2 + 5
(
1 + + 3 + 5 + 6
)
J3 + J6 ,
2
(−1 + − 2 + 4 − 25 + 6)J1 +  (1− − 2 + 23 − 4)J2
+
(
1− 2+ 2 − 3 − 4 + 5 − 26)J3 −  (1− + 2)2 J4 + J5
(
2 1
3 2
)

1 ζ2 ζ ζ2 1
ζ2 ζ3 ζ ζ ζ3
ζ ζ ζ3 ζ2 ζ3
ζ2 ζ ζ2 1 1
1 ζ3 ζ3 1 ζ4

4J1 + 5
(
2−+3−4+5−27)J2 + 5 (1−+3−4+6)J3 + J6 ,
2
(
1 + − 4 + 6)J1 + (2− − 2 + 23 − 4 + 5 − 37)J2
+ 
(
1+−2−3+5+6)J3+ (2 + 3−3−4 − 5+26 + 27)J4−J5
4J1+5
(
1−+3−4+6)J2+5 (2−+3−4+5−27)J3 + J6 ,
2
(
1− + 2 − 3 + 5 − 6)J1 −  (1− 2+ 2 + 3 − 4)J2
+
(
1 + − 22 + 23 − 4 + 6 − 27)J3
+
(−2 + 3− 32 + 23 − 4 − 5 + 26 − 7)J4 + J5
Table 4: The families of Z6 manifolds. Together with σ = −12, each of the σ matrices of the
first two rows generate four Z6 subgroups under κ-transformation, and so give rise to 8 distinct
one-parameter families each. The final row of σ matrix along with σ = −12, generates two Z6
subgroups, under κ-transformation and gives rise to four Z6 families.
13
5.3. The Q8 Families
σ Symm Action Q8 Covariants # Fams.
(
2 0
1 3
)
(
1 1
3 4
)

1 0 0 0 0
0 0 ζ4 0 0
0 0 0 0 1
0 ζ3 0 0 0
0 0 0 ζ3 0


1 ζ ζ 1 ζ3
ζ ζ 1 ζ3 1
ζ3 ζ2 1 ζ2 ζ3
ζ ζ4 ζ ζ2 ζ2
1 ζ2 ζ3 ζ3 ζ2

J2 − ζ4J3,
J4 − ζ3J5
4J1 + 5 (1 + ζ)J2 + 5
(
1 + ζ4
)
J3 + J6,
6J1 + 5
(
1 + ζ2
)
J4 + 5
(
1 + ζ3
)
J5 − J6
4J1 + 5
(
ζ2 + ζ4
)
J2 + 5
(
ζ + ζ3
)
J3 + J6,
6J1 + 5
(
ζ3 + ζ4
)
J4 + 5
(
ζ + ζ2
)
J5 − J6
12
(
3 0
0 2
)
(
0 4
1 0
)

1 0 0 0 0
0 0 0 1 0
0 1 0 0 0
0 0 0 0 1
0 0 1 0 0


1 1 1 1 1
1 ζ ζ2 ζ3 ζ4
1 ζ2 ζ4 ζ ζ3
1 ζ3 ζ ζ4 ζ2
1 ζ4 ζ3 ζ2 ζ

J2 − J3,
J4 − J5
4J1 + 5
(
ζ2 + ζ3
)
(J2 + J3) + J6,
6J1 + 5
(
ζ + ζ4
)
(J4 + J5)− J6
4J1 + 5
(
ζ + ζ4
)
(J2 + J3) + J6,
6J1 + 5
(
ζ2 + ζ3
)
(J4 + J5)− J6
3
Table 5: Families of manifolds with Q8 symmetry. Each row corresponds, initially, to 3 one-
parameter families. The first row gives rise to an orbit of length 4 under κ-transformation,
so to a total of twelve one-parameter Q8 families. The second row is invariant under κ-
transformation, so gives rise to 3 such families.
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5.4. The rigid Z10 manifolds
σ Symm Action Z10 Covariants # Quotients
(
0 1
4 2
) 
1 1 ζ2 ζ ζ2
1 ζ4 1 ζ3 ζ3
1 ζ3 ζ3 1 ζ4
1 ζ2 ζ ζ2 1
1 ζ ζ4 ζ4 ζ

4J1 + 5
(
1 + ζ4
)
J2 + 5
(
ζ2 + ζ4
)
J3 + J6
4J1 + 5
(
ζ + ζ3
)
J2 + 5 (1 + ζ)J3 + J6
6J1 + 5
(
ζ + ζ2
)
J4 + 5
(
1 + ζ2
)
J5 − J6
6J1 + 5
(
1 + ζ3
)
J4 + 5
(
ζ3 + ζ4
)
J5 − J6
16
(
1 0
4 1
) 
1 0 0 0 0
0 ζ4 0 0 0
0 0 ζ2 0 0
0 0 0 ζ4 0
0 0 0 0 1

J2
J3
J4
J5
4
(
1 1
0 1
) 
1 1 ζ ζ3 ζ
ζ 1 1 ζ ζ3
ζ3 ζ 1 1 ζ
ζ ζ3 ζ 1 1
1 ζ ζ3 ζ 1

4J1 + 5
(
ζ2 + ζ3
)
J2 + 5
(
ζ + ζ4
)
J3 + J6
4J1 + 5
(
ζ + ζ4
)
J2 + 5
(
ζ2 + ζ3
)
J3 + J6
6J1 + 5
(
ζ2 + ζ3
)
J4 + 5
(
ζ + ζ4
)
J5 − J6
6J1 + 5
(
ζ + ζ4
)
J4 + 5
(
ζ2 + ζ3
)
J5 − J6
4
Table 6: Rigid manifolds with Z10 symmetry. Each row corresponds, initially, to four
rigid Z10 manifolds. The first row has an orbit of length four under κ-transformation so
gives rise to a total of sixteen manifolds. The second and third rows are invariant under
κ-transformation so give rise to 4 manifolds each.
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5.5. Dic3 Families
σ Symm Action Dic3 Covariants # Fams.
(
3 4
0 2
)
(
0 3
3 4
)

1 ζ 1 ζ2 ζ2
1 ζ2 ζ2 1 ζ
ζ2 1 ζ 1 ζ2
ζ 1 ζ2 ζ2 1
ζ2 ζ2 1 ζ 1


1 1 ζ3 ζ4 ζ3
1 ζ3 ζ4 ζ3 1
1 ζ 1 ζ2 ζ2
1 ζ4 ζ ζ ζ4
1 ζ2 ζ2 1 ζ

4J1−10
(
1 + ζ + 2ζ3
)
J2+10ζ
(
1− ζ + ζ2)J3 + J6 ,
J1 −
(
1 + ζ + 2ζ3
)
J2 + ζ
(
1− ζ + ζ2)J3
− (1 + ζ)2J4 + (ζ + ζ2 − ζ4)J5
4
(
3 0
1 2
)
(
1 1
2 3
)

1 0 0 0 0
0 0 0 ζ2 0
0 ζ2 0 0 0
0 0 0 0 1
0 0 ζ 0 0


1 ζ3 ζ4 ζ3 1
ζ ζ3 ζ3 ζ ζ2
ζ3 ζ4 ζ3 1 1
ζ ζ ζ4 1 ζ4
1 ζ4 ζ ζ ζ4

4J1 − 10ζ(1 + ζ)2J2 + 10
(
1 + ζ − ζ3)J3 + J6,
J1 − ζ(1 + ζ)2J2 +
(
1 + ζ − ζ3)J3
+
(
1 + ζ3 − ζ4)J4 + (1− ζ + ζ2)J5
4
(
2 0
0 3
)
(
2 2
4 2
)

1 0 0 0 0
0 0 1 0 0
0 0 0 0 1
0 1 0 0 0
0 0 0 1 0


1 1 ζ ζ3 ζ
ζ4 ζ ζ4 ζ3 ζ3
ζ4 ζ3 ζ3 ζ4 ζ
1 ζ ζ3 ζ 1
ζ2 1 ζ4 ζ4 1

4J1 − 10
(
2 + ζ2 + ζ3
)
(J2 + J3) + J6 ,
6(J2 + J3)− 4
(
2− 3ζ2 − 3ζ3) (J4 + J5)
− (1− ζ2 − ζ3)J6
2
Table 7: The families with Dic3 symmetry. Each row corresponds, initially to one-
parameter families. The first two rows admit orbits of length 4 under κ-transformation,
so each give rise to 4 one-parameter families. The third row admits an orbit of length 2
under κ-transformation, so to two distinct Dic3 families.
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5.6. Dic5 Families
σ Symm Action Dic5 Covariants # Fams.
(
0 1
4 0
)
(
1 3
1 4
)

1 1 1 1 1
1 ζ4 ζ3 ζ2 ζ
1 ζ3 ζ ζ4 ζ2
1 ζ2 ζ4 ζ ζ3
1 ζ ζ2 ζ3 ζ4


1 ζ4 ζ ζ ζ4
ζ4 ζ ζ ζ4 1
1 1 ζ3 ζ4 ζ3
ζ3 ζ ζ2 ζ ζ3
ζ3 ζ4 ζ3 1 1

4J1 + 10ζ
4J2 + 10ζJ3 + J6,
6J1 + 10ζ
3J4 + 10ζ
2J5 − J6 4
(
3 0
4 2
)
(
3 0
1 2
)

1 0 0 0 0
0 0 0 ζ3 0
0 ζ3 0 0 0
0 0 0 0 1
0 0 ζ4 0 0


1 0 0 0 0
0 0 0 ζ2 0
0 ζ2 0 0 0
0 0 0 0 1
0 0 ζ 0 0

J1 ,
J6
1
(
2 2
0 3
)
(
2 0
0 3
)

1 ζ4 ζ2 ζ4 1
ζ4 1 1 ζ4 ζ2
ζ4 ζ2 ζ4 1 1
1 1 ζ4 ζ2 ζ4
ζ2 ζ4 1 1 ζ4


1 0 0 0 0
0 0 1 0 0
0 0 0 0 1
0 1 0 0 0
0 0 0 1 0

6J1 + 10(J4 + J5)− J6,
4J1 + 10(J2 + J3) + J6
1
Table 8: The families with Dic5 symmetry. Each row corresponds, initially, to a one-
parameter family. The first row admits an orbit of length 4 under κ-transformation. The
second and third rows are invariant under κ-transformation, so give rise to one family each.
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